In this article, we investigate some uniqueness and Ulam's type stability concepts for the Darboux problem of partial functional differential equations with noninstantaneous impulses and delay in Banach spaces. The main techniques rely on fractional calculus, integral equations and inequalities. Two examples are also provided to illustrate our results.
Introduction
The fractional calculus deals with extensions of derivatives and integrals to noninteger orders. It represents a powerful tool in applied mathematics to study a myriad of problems from different fields of science and engineering, with many break-through results found in mathematical physics, finance, hydrology, biophysics, thermodynamics, control theory, statistical mechanics, astrophysics, cosmology, and bioengineering. There has been a significant development in ordinary and partial fractional differential equations in recent years; see the monographs of Abbas et In pharmacotherapy, the above instantaneous impulses cannot describe the certain dynamics of evolution processes. For example, one considers the hemodynamic equilibrium of a person, the introduction of the drugs in the bloodstream and the consequent absorption for the body are gradual and continuous process. 
, E is a complete Banach space, and C is the Banach space defined by
with the norm
We denote by u (t,x) the element of C defined by
here u (t,x) (·, ·) represents the history of the state from time t -α up to the present time t and from time x -β up to the present time x. Next, we consider the following partial fractional differential equations with noninstantaneous impulses and infinite delay:
where J, ϕ, ψ are as in problem (), f :
. . , m, φ :J → E are given continuous functions and B is called a phase space that will be specified in Section .
Preliminaries
In this section, we introduce notations, definitions, and preliminary facts which are used throughout this paper. Denote L  (J) the space of Bochner-integrable functions u : J → E with the norm
where · E denotes a suitable complete norm on E. As usual, by AC(J) we denote the space of absolutely continuous functions from J into E, and C(J) is the Banach space of all continuous functions from J into E with the norm · ∞ defined by
is called the left-sided mixed Riemann-Liouville integral of order r, where (·) is the (Euler) Gamma function defined by (ς) =
In particular,
We have h ∈ L  (J), and we get
the mixed secondorder partial derivative. 
The case σ = (, ) is included and we have
is called the left-sided mixed Riemann-Liouville integral of order r of u.
tx u is Bochner integrable on J z , the Caputo fractional-order derivative of order r of u is defined by the expression
Now, we consider the Ulam stability for our problems. Let > , ≥  and : J → [, ∞) be a continuous function. We consider the following inequalities:
is Ulam-Hyers stable if there exists a real number c f ,g k >  such that for each >  and for each solution u ∈ PC of the inequality () there exists a solution v ∈ PC of problem () with
) with c f ,g k () =  such that for each >  and for each solution u ∈ PC of the inequality () there exists a solution v ∈ PC of problem () with 
is generalized Ulam-Hyers-Rassias stable with respect to ( , ) if there exists a real number c f ,g k , >  such that for each solution u ∈ PC of the inequality () there exists a solution v ∈ PC of problem () with
Remark . A function u ∈ PC is a solution of the inequality () if and only if there exist a function G ∈ PC and a sequence
One can have similar remarks for the inequalities () and (). So, the Ulam stabilities of the impulsive fractional differential equations are some special types of data dependence of the solutions of impulsive fractional differential equations.
In the sequel we will make use of the following generalization of Gronwall's lemma for two independent variables and singular kernel. 
Uniqueness and Ulam stabilities results for finite delay
In this section, we present conditions for the uniqueness and Ulam stability of problem (). Consider the Banach space
and there exist u t
By Lemma . in [], we conclude to the following lemma.
()
Lemma . If u ∈ PC is a solution of the inequality () then u is a solution of the following integral inequality:
Proof By Remark . we have
Thus, it follows that
Hence, we obtain ().
Remark . We have similar results for the solutions of the inequalities () and ().
Theorem . Assume that the following hypotheses hold:
(H  ) There exists a constant l f >  such that
for each (t, x) ∈ J k , and each u, u ∈ E, k = , . . . , m.
where l g = max k=,...,m l g k , then the problem () has a unique solution on J.
Furthermore, if the following hypothesis holds:
(H  ) There exists λ >  such that, for each (t, x) ∈ J, we have
. , m, then the problem () is generalized Ulam-Hyers-Rassias stable.
Proof Consider the operator N : PC → PC defined by
Clearly, the fixed points of the operator N are solution of the problem (). We shall use the Banach contraction principle to prove that N has a fixed point. N is a contraction. Let u, v ∈ PC, then, for each (t, x) ∈ J, we have
Thus, we get
By the condition (), we conclude that N is a contraction. As a consequence of Banach fixed point theorem, we deduce that N has a unique fixed point v which is a solution of the problem (). Then we have
Let u ∈ PC be a solution of the inequality (). By the differential of this inequality, for each (t, x) ∈ J, we have
Thus, by (H  ) for each (t, x) ∈ J, we get
For each (t, x) ∈ I  , we have
We consider the function γ defined by
then by the previous inequality, we have, for (t, x) ∈ J,
From Lemma ., there exists a constant δ  := δ  (r  , r  ) such that
Since for every (t,
Then we obtain
Again, from Lemma ., there exists a constant δ  := δ  (r  , r  ) such that
Hence, for each (t, x) ∈ I k , k = , . . . , m, we get
This gives
Thus, for each (t, x) ∈ J k , k = , . . . , m, we get
Hence, for each (t, x) ∈ J, we obtain
Consequently, problem () is generalized Ulam-Hyers-Rassias stable. ) ∈ B, for all (t, x) ∈ E, then there are constants H, K, M >  such that for any (t, x) ∈ J the following conditions hold: 
Uniqueness and Ulam stabilities results for infinite delay
In this section, we present conditions for the Ulam stability of problem (). Consider the space
Theorem . Assume that the following hypotheses hold:
for each (t, x) ∈ J, and each u, u ∈ B. (H  ) There exist constants l g k > ; k = , . . . , m, such that
for each (t, x) ∈ J k , and each u, u ∈ E, k = , . . . , m. Proof Consider the operator N : → defined by
Then v (t,x) = φ for all (t, x) ∈ E. For each w ∈ C(J) with w(t, x) = ; (t, x) ∈ E we denote by w the function defined by
, for every (t, x) ∈ J, and the function w(·, ·) satisfies 
